OPTIMAL TRANSPORT AND PERELMAN'S REDUCED VOLUME 

JOHN LOTT 

' Qv ' Abstract. We show that a certain entropy-hke function is convex, under an optimal 

f^ . transport problem that is adapted to Ricci flow. We use this to reprove the monotonicity 

^^ ' of Perelman's reduced volume. 
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1. Introduction 



One of the major tools introduced by Perelman is his reduced volume V pTl Section 7]. 
rh ! This is a certain geometric quantity which is monotonically nondecreasing in time when 

one has a Ricci flow solution. Perelman's main use of the reduced volume was to rule out 
local collapsing in a Ricci flow. 

Before giving his rigorous proof that V is monotonic, Perelman gave a heuristic argument 
PT| Section 6]. Given a Ricci flow solution (M, g{T)) on a compact manifold M, where r is 
backward time, Perelman considered the manifold M = M x S^ x IR+ with the Riemannian 
-vq , metric 

<^ : (1-1) 9 = 9{r) + 2NTgsN + f^ + r\ dr^ 

Q ■ Here R denotes the scalar curvature and Qsn is the metric on S'^ with constant sectional 

t;;}^ . curvature 1. Perelman showed that the Ricci curvatures of M vanish to leading order in 

O I N. Now the Bishop-Gromov inequality says that if a complete Riemannian manifold Z 

has nonnegative Ricci curvature then r"*^'™*^^) Yol(Br{z)) is nonincreasing in r. Perelman 
formally applied the Bishop-Gromov inequality to M, translated the result back down to 
M and took the limit when A^ -^ oo, to get the monotonicity of V. 

In another direction, there has been recent work showing the equivalence between the 
5^ ! nonnegative Ricci curvature of a Riemannian manifold M, and the convexity (in time) 

of certain entropy functions in an optimal transport problem on M [H [TSl [ISl [221 1211 
^^. A survey is in [13] and a detailed exposition is in Villani's book [2S]. (Background 
information on optimal transport is in Villani's books f27[ I2B]-) In view of Perelman's 
heuristic argument, it is natural to wonder whether having a Ricci flow solution {M,g{t)) 
implies the convexity of an entropy in some optimal transport problem on M. The idea 
is that the asymptotic nonnegative Ricci curvature on M should imply the asymptotic 
convexity of the entropy in an optimal transport problem on M, which should then translate 
to a statement about optimal transport on M. 
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2 JOHN LOTT 

It turns out that this can be done. The optimal transport problem on M has a cost func- 
tion coming from Perelman's /^-functional. This sort of transport problem was introduced 
by Topping [26] , as described below, with the purpose of constructing certain monotonic 
quantities for a Ricci flow. Bernard-Buffoni pj and Villani ^28i Chapters 7,10,13] gave 
analytic results for general time-dependent cost functions. 

In fact, there are three relevant costs for Ricci flow : one corresponding to Perelman's 
/^-functional (which we will call £_), one corresponding to the Feldman-Ilmanen-Ni /2_|_- 
functional |6] and a third one which we call Cq. In the case of the /2_-cost, the main result 
of the paper is the following. 

Theorem 1. Suppose that {M,g{T)) is a Ricci flow solution on a connected closed n- 
dimensional manifold M, where r denotes backward time. Let c{t) be the displacement 
interpolation in an optimal transport problem between absolutely continuous probability 
measures c{tq) and c(ri), with C--cost. Then S{c{r)) + J^^ 0(r) dc^r) + | log(T) is convex 
in the variable s = t^ "^ , 

Here S{c{t)) is the (negative) relative entropy of c{t) with respect to the time-r Rie- 
mannian volume density. The function 0(r) is the potential for the velocity field in the 
displacement interpolation. 

We show that the monotonicity of Perelman's reduced volume \^ is a consequence of 
Theorem [H see Corollary [HI 

There are two main approaches to optimal transport problems : the Eulerian approach 
and the Lagrangian approach. Let P{M) denote the Borel probability measures on a static 
Riemannian manifold M and let P°^{M) denote those with a smooth positive density. The 
Eulerian approach of Benamou-Brenier considers smooth maps c : [to,ti] — > P°°{M) that 
minimize an action -E'(c), among all such curves with the same endpoints [3]. In the 
associated Otto calculus, one considers P°°{M) to be an infinite-dimensional Riemannian 
manifold and E{c) to be the corresponding energy of the curve c, so the Euler-Lagrange 
equation for E becomes the geodesic equation on P'^{M) [IB]. Otto and Villani used this 
approach to compute the time-derivatives of the entropy function £ along the curve c [T^ . 

The Lagrangian approach to optimal transport considers a displacement interpolation 
c, i.e. a geodesic in the Eulerian approach, to be specified by the family of geodesies in 
M that describe the trajectories taken by particles in the original mass distribution c(to), 
when transporting it to the final mass distribution c(ti). In the case of optimal transport 
on Riemannian manifolds, the Lagrangian approach was developed by McCann ^16j and 
Cordero-Erausquin, McCann and Schmuckenschlager [1]. 

Comparing the two approaches, the Eulerian approach is perhaps more insightful whereas 
the Lagrangian approach is better suited to deal with the regularity issues that arise in op- 
timal transport. (See, however, the papers of Daneri-Savare [^ and Otto-Westdickenberg 
[20] . which prove results about optimal transport in P{M) using the Eulerian approach 
along with density arguments.) Much of the present paper consists of describing an Otto 
calculus which is adapted for the optimal transport of measures under a Ricci flow back- 
ground. 
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There has been earher work relating optimal transport to Ricci flow. The author [10] 
and McCann- Topping [17] observed that under a Ricci flow background, if Ci(t) and 
C2(t) are solutions of the backward heat equation on P{M) then the Wasserstein distance 
W^2(ci(t), C2(t)) is monotonically nondecreasing in t. A detailed proof using the Lagrangian 
approach appears in [17]. McCann- Topping noted that this monotonicity property char- 
acterizes supersolutions to the Ricci flow equation. In follow-up work, Topping considered 
optimal transport with the £_-cost function and showed the monotonicity of a certain dis- 
tance function between the measures ci and C2, when taken at different but related times. 
We refer to [26] for the precise statement. He then used this to rederive the monotonic- 
ity of Perelman's W-functional. In the Lagrangian proof of Theorem [T] we use Topping's 
calculations for the r-derivatives of S{c{t)); see Remark [71 

The outline of this paper is as follows. In Section [2] we review the Otto calculus for 
optimal transport on a manifold with a time-independent Riemannian metric. In Section 
[3] we use the Otto calculus to prove that if (M, g{t)) is a Ricci flow solution and ci(t), C2(t) 
are solutions of the backward heat equation in P°°{M) then the Wasserstein distance 
W^2(ci(t), C2(t)) is monotonically nondecreasing in t. In Section H] we introduce the £o-cost. 
We give an Otto calculus for optimal transport with £o-cost, under a background Ricci flow 
solution. We then show the £o-analog of Theorem [1] above. In Section [5] we give the Co- 
analog of Topping's monotonicity statement regarding the distance between two solutions 
of the backward heat equation on measures. We use this to reprove the monotonicity of 
Perelman's ^-functional. In Section E] we give an Otto calculus for optimal transport with 
£_-cost, under a background Ricci flow solution. In Section [7] we prove Theorem [1] and 
we use it to reprove the monotonicity of Perelman's reduced volume. In Section [8] we 
discuss what Ricci flow should mean on a smooth metric-measure space. In Appendix |X] 
we indicate how the results of Sections [6] and [7] extend to the £+-cost. 

Regarding the overall method of proof in this paper, calculations in the Eulerian formal- 
ism can be considered to be either rigorous statements on P°°{M) or formal statements 
on P{M). When a suitable density result is available, one can use the Eulerian methods 
to give rigorous proofs on P{M). In this way, we give rigorous Eulerian proofs on P{M) 
of the statements in Sections [2] and [31 making use of the nontrivial Otto-Westdickenberg 
density result [20] . Sections [11[7| contain calculations in the Eulerian framework under a 
Ricci flow background. We expect that one can extend these calculations to rigorous proofs 
on P(M), by adapting the density methods of [5] or [20] to the setting of time- dependent 
cost functions. We do not address this issue here. Consequently, we revert to Lagrangian 
methods when we want to give rigorous proofs in P{M) of the statements in Sections [11[71 

I thank Peter Topping and Cedric Villani for discussions, and the referee for helpful 
comments. I thank the UC-Berkeley Mathematics Department and the IHES for their 
hospitality while part of this research was performed. 
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2. Otto calculus 

This section is mostly concerned with known resuhs about optimal transport on a fixed 
Riemannian manifold M. It is a warmup for the later sections, which extend the results 
to the case when the Riemannian metric evolves under the Ricci fiow. 

We use the Otto calculus to give rigorous proofs of certain statements about the space 
of smooth probability measures P°°{M). These proofs can then be considered as formal 
proofs of the analogous statements on the space of all probability measures P[M). The 
rigorous proofs of the statements on P{M) are usually done by the Lagrangian approach, 
but one can also use the density of P°°{M) in P{M) [5l [20j. Most of the calculations in 
this section can be extracted from [12] and [20] . 

In what follows, we use the Einstein summation convention freely. 

Let (M, g) be a smooth connected closed (= compact boundaryless) Riemannian mani- 
fold of dimension n > 0. We denote the Riemannian density by dvolM- Let P{M) denote 
the space of Borel probability measures on M, equipped with the Wasserstein metric W2- 
For relevant results about optimal transport and the Wasserstein metric, we refer to p^ 
Sections 1 and 2] and references therein. A fuller exposition is in the books [27] and [28] . 
As P{M) is a length space, it makes sense to talk about geodesies in P{M), which we will 
always take to be minimizing and parametrized proportionately to arc-length. 

Put 



(2.1) 



P'^iM) = {p dvoW : p e C^{M),p> 0, f p dvoUf = 1}. 

Jm 



Then P'^{M) is a dense subset of P{M), as is the complement of P°^{M) in P{M). For 
the purposes of this paper, we give P°°[M) the smooth topology. (This differs from the 
subspace topology on P°°{M) coming from its inclusion in P{M).) Then P°°{M) has 
the structure of an infinite-dimensional smooth manifold in the sense of [H]. The formal 
calculations in this section are rigorous calculations on the smooth manifold P'^{M). 
Given E C°^{M), define a vector field V^ on P°^{M) by saying that for F E C°^{P^{M)), 

(2.2) {V^F){pdYo\M) = ^1 ^F(pdvoU/ -eV'(pV.0)dvolM) 



d 
Te 



e=0 

F($:(pdvoiM)) 

e=0 



where ^'^{m) = exp^(eVm0)- The map — > V^ passes to an isomorphism C°°{M)/M. -^ 
^pdvoiM-P°°(^)- This parametrization of TpdvoiAf-P°°(^) goes back to Otto's paper [T8] : 
see [1] for further discussion. Otto's Riemannian metric G on P°^{M) is given [18] by 

(2.3) G{V^,,V^,){pAyo\m) = / (V0i,V02)pdvolM 

J M 

0iV'(pVi02) dvoW • 

M 
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In view of (12.21) . we write 5y^p = — V^^pViCJ)). Then 

(2.4) G{V^^,V^^){pdYo\M) = / (j)i 6v^^p dvohi = / 02 5y^^ p dvoUf • 

We now relate the Riemannian metric G to the Wasserstein metric W2- In [^lOj it was 
heuristically shown that the geodesic distance coming from (12. 4p equals the Wasserstein 
metric. To give a rigorous relation, we recall that a curve c : [0, 1] -^ P{M) has a length 
given by 

J 

(2.5) L{c) = sup sup y^^W2{c{sj^i),c{sj)). 

JeN 0=so<si<...<sj=l ~^ 

From the triangle inequality, the expression X]i=i W^2(c(sj_i), c(sj)) is nondecreasing under 
a refinement of the partition = sq < si < . . . < sj = 1. 

If c : [0, 1] -^ P'^{M) is a smooth curve in P°°{M) then we write c(s) = p(s) dvoUf 
and let 0(s) G C°°(M) satisfy 

(2.6) I; = - ^^ (''^^'^) • 

It is easy to see, using the spectral theory of the weighted Laplacian on L^(M, p{s) dvoljv/), 
that 0(s) exists. Note that (j){s) is uniquely defined up to an additive constant. The 
Riemannian length of c, as computed using (12. 3p . is 



(2.7) / VG(c'(s),c'(s))rfs = [ ( [ |V0(s)|V(s) dvowV ds. 
Jo Jo \Jm J 

Theorem 2. [T2l Proposition 1] //c : [0,1] — >■ P°^{M) is a smooth immersed curve then 
the two notions of length agree, in the sense that 

(2.8) L{c) = [ ^/G{c'{s),c'{s))ds. 

Jo 

Next, consider the Lagrangian 

(2.9) E{c) = 11 Gic'is),c'is))ds = ]: I I |V0(s)|2p(s) dvoW ds. 

-^ Jo ^ Jo Jm 

Theorem 3. [201 Proposition 4.3] Fix measures po dvolM,Pi dvoU/ £ P°°{M). Then the 
infimum of E, over smooth paths in P°°{M) with those endpoints, is ^W2{po dvoU/, pi dvoU/) 

In general we cannot replace the "inf" in the statement of Theorem[3]by "niin", since the 
Wasserstein geodesic connecting po dvoU/ and pi dvolM may not lie entirely in P°°{M). 
We now compute the first variation of E. 

Proposition 1. Let 

(2.10) p dvolM : [0, 1] X [to - e, to + e] ^ P^iM) 
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be a smooth map, with p = p{s,t). Let 

(2.11) : [0,l]x [to-e,to + e]^C°^(M) 

be a sm,ooth map that satisfies Ii2. 6\) . with (j) = (j){s,t). Then 



dE 



t=to 



■f) -— dvolAf 

M Ot 



J M 



dp 



TTs + 2 l^^l ft """''■■ "'' 



where the right-hand side is evaluated at time t = to- 
Proof. We have 

For a fixed / G C°^(M), from fl^ . 

(2.14) 

Hence 



/ -- dvoU/ 

M OS 



(V/,V0)pdvol 



M • 



M 



Taking f = (p gives 

iM dsdt 
Equations (l2J3|) and (l216|) give 



(2.16) 



dvolM = ji^^'t>,y^)p+ |V0p 



9p 



dvol 



M ■ 



(-^' f 






(9p 



from which the proposition follows. 

From fl2.12p . the Euler-Lagrange equation for E is 



(2.18) 



1 



|V0p + a{s) 



U 



ds 2 

where a G C°°([0,1]). Changing by a spatially-constant function, we can assume that 
a = 0, so the Euler-Lagrange equation for E becomes the Hamilton- Jacobi equation 

(2.19) I ^ - i |V,r 

If a geodesic in P{M) happens to be a smooth curve in P^{M) then it will satisfy (12.191) . 
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For any < s' < s" < 1, the viscosity solution of (12.191) satisfies 

dM{rn\m"Y 



(2.20) 0(s")(m") = inf 0(s')(m') + 

Then the solution of (I2.6P satisfies 

(2.21) p(s")dvolM = {Fs^,s")Ms') dvoW), 
where the transport map Fs'^s" '■ M — » M is given by 

(2.22) Fs',."(m') = exp^, {{s" - s')V„.0(s')) • 
We now give some simple results in the Otto calculus. 

Proposition 2. Assuming Ii2.6\) and Ii2.19\) . we have 

(2.23) ^ I <^P dvoW = \ I |V0pp dvoW 

"-5 Jm ^ J M 

and 

(2.24) \^ I |V0|2pdvolM = 0. 

^ "S Jm 

Proof. First, 

(2.25) -T [ 'i'P ^^°1^^ = -\ I l^*^!'-^ ^^°1^^ - / <t)^\p^i<t)) dvoW 
"■5 Jm ^ Jm J m 

= \ |V0ppdvolAf. 
^ Jm 

Next, using (12181) . 

(2.26) i-^ / |V0|VdvolM = 

-]- f {V<P, V(|V0n)p dvoW -^ / |V0pV*(pV,0) dvoU, =0. 
^ Jm ^ Jm 

This proves the proposition. D 

Equation (12.241) is just the statement that a geodesic in P'^{M) has constant speed. 
Equation (I2.23P says that /^^ 0p dvolM is proportionate to the arc length along the geodesic. 
The (negative) entropy S : P°°{M) — > R is given by 

(2.27) S{p dvoUf) = P log(p) dvolM • 

Jm 

We now compute its first two derivatives along a curve in P°°{M). 
Proposition 3. Assuming ^2. 6|) . we have 

(2.28) -T = (V0,Vp) dvolM = - / V^0pdvolM 
ds J j^ J]^ 
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and 
(2.29) 

Proof. First, 
(2.30) 
Then 
(2.31) 
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/ (I Hess 01^ + Ric(V0,V0)) p dvoW • 



ds 



(log(p) + l) V\pV4) dvol 



Af 



M 



(V0,Vp) dvolM. 



M 



1^ 



M \^iS ^ -iv0n,vp) dvow - 



M 



|V0n VV dvol 



M 



1 

2 ./M 



M 



yV^(f), V0) p dvol 



M 



|V0n VV dvolAf + 



I f (V(|V0|2),Vp> dvolM + / (V0,V(-V^(pV.0))> dvol 

-I f ^ + i 
Jm \ds 2 

V'(|V0|') pdvolM 

'^ + 1 
'M \ds 2 J 

/ (I Hess 01^ + Ric(V(/), V0)) p dvoW, 

where we used the Bochner identity in the last line. This proves the proposition. D 

Corollary 1. Assuming HJ) and WIM . zfmc{M,g) > then > 0. That is, S zs 
convex along geodesies in P°°{M). 

Remark 1. In view of Proposition[2|, Corollary[T]would still hold if we replaced S{p{s) dvoU/) 
by £{p{s) dvoU/) ± /^^ 0(s) p(s) dvoUf . This modification will be crucial in later sections. 

Corollary [1] was proven in [19]. The extension of Corollary [1] to P{M) was proven in [1]. 
We now give a slight refinement of the first variation result. 

Proposition 4. Under the assumptions of Proposition^ 



(2.32) 



dE 
~dt 



t=to 



dp 



VV dvol 



A/ 



1 



, .97 + 2"^'^"' 

Jm \ (^s ^ 



s=0 

dp 



V^p ) dvolju ds — 



/ / (I Hess 0p + Ric(V(/>, V0)) p dvoU/ ds, 
Jo Jm 
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where the right-hand side is evaluated at time t = to. 

Proof. Integrating (I2.29P with respect to s gives 

1 ^ 

(2.33) - /" (/.VV dvolM = ~ f f (^ + ^ 1^*^'') ^''^ '^''°^*' '^'' + 

/ / (I Hess 01^ + Ric(V0,V0)) p cIvoIm ds. 

Jo J M 

The proposition follows from combining (12.121) and (I2.33p . D 

Corollary 2. [T8l[20l|25] Suppose that Ric(M, ^) > 0. Let e*^' he the heat flow on P'^{M). 
Then for po, /^i e P°°{M) and t > 0, 

(2.34) H^2(e*^Vo,e*^Vi) < W2{po,Pi). 

Proof. Using Theorem [3l given e > 0, choose a smooth curve c : [0,1] —>■ P°°{M) with 
c(0) = po and c(l) = /^i so that E{c) < \ W2{pq, pif + e. Define q : [0, 1] ^ P°°(M) by 
Ct{s) = e*^ c(s). By PropositionHl _E'(ci) is nonincreasing in t. Hence |l^2(cf(0), Ci(l))^ < 
-E'(ci) < E{co) < I W^2(Aio? /^i)^ + e- As e was arbitrary, the corollary follows. D 

We recall that n = dim(M). We now give a new convexity result concerning Wasserstein 
geodesies. 

Proposition 5. If Ric{M,g) > then s£ + nslog(s) is convex along a Wasserstein 
geodesic in P'^{M), defined for s G [0, 1]. 

Proof From I^M), #f > 0. As 



(^■3=) 


{s£ 


, , ,, d^£ d£ n 
+ nslogis)) - s ^^^ +2^. + . 


it suffices to show that 






(2.36) 




fd£Y d^£ 
\ds / ds'^ 


Now 






(2.3T) (f)' 

\dsj 


= 


r f V f 

/ VVp dvoUf < / {V^<Pf P c 
KJ M J Jm 




< 


f d'^£ 
n / Hess ^ p dvoUf < n -r^-, 
Jm ds^ 


which proves the proposit 


ion. 





i-M 



U 

Remark 2. More generally, suppose that a background measure v = e^* dvolM G P°°{M) 
is such that (M, z/) has RIcat > in the sense of [151, Definition 0.10]. Recall the class of 
functions DCoo in [151 Equation (0.5)]. Given U G DCoo, define U^ : P°°{M) ^ M as in 
[T5| Equation (0.1)]. Then using the calculations of [151 Appendix D], one can show that 
sUi, + A^s log(s) is convex along a Wasserstein geodesic in P°°{M). 
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Now define 8 : P{M) ^ M U {00} by 
(2.38) 

gi \ ^ [hiP l°g(p) ^^oljw if /i = p dvolM, 

I 00 if /i is not absolutely continuous with respect to dvoU/ • 

Proposition 6. // Ric(M, g) > Q then s£ + ns log(s) is convex along a Wasserstein 
geodesic in P{M). 

Proof. The proof uses the Lagrangian formulation of optimal transport; see, for example, 
[T5l Pf. of Theorem 7.3]. We omit the details. D 



Remark 3. Similarly, in the setup of Remark O one has that sUu + A^,slog(s) is convex 
along a Wasserstein geodesic in P{M). It appears that most of the results of [U] could be 
derived using the class of functions DCoo and the functional sU^, + A^slog(s). The paper 
[T5] used instead the class of functions DCjy and the function f/^. 

3. Wasserstein distance and Ricci flow 

In this section we discuss a first monotonicity relation between Ricci fiow and optimal 
transport. Namely, suppose that the Ricci fiow equation is satisfied and we have two 
solutions Co(t),ci(t) of the backward heat fiow, acting on probability measures on M. 
Then the Wasserstein distance H^2(co(t), Ci(t)) is nondecreasing in t. We first give a quick 
formal proof. We then write out a rigorous proof using the Otto calculus. A proof using 
the Lagrangian approach appears in [,17J . 

Let {M,g{-)) be a solution to the Ricci fiow equation 

(3.1) | = -2Ri- 
Then 

(3.2) *^._fldvol„. 

at 

The metric G on P°°{M), from (Q, is also t-dependent. Fix p G P°°{M) and 5^i E 
T^P°°[M). At time t, we can write fi = p dvoljv/ and 6fi = V^ where p and (p are 
t-dependent. 

We now compute the first derivative of G with respect to t. 

Proposition 7. 

dG r 

(3.3) -—{Sfi,5p) = -2 / Ric(V0, V0) dp. 

dt J M 

Proof. Letting g* denote the dual inner product on T*M, we can write 

(3.4) G{5p,5p) = / g*{d(j),d(j)) dp. 

J M 
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Since the differential d is invariantly defined, we have -^dcp = d-^. Then 

(3.5) ^((5/i,(5/i) = 2 /" Ric(V0, V0) rf/i + 2 f g* (d(j),d^] dfi. 

at Jm Jm V "V 

For any fixed / G C'^{M)^ we have 

(3.6) / fd{5^l) = [ g*idf,dct>)dii. 

Jm Jm 

Differentiating with respect to t gives 



(3.7) = 2y^Ric(V/,V0)ci/i + J^^g* [df,d^\ rf/x. 
Putting / = gives 

(3.8) = 2/ Ric{V(f),V(j))dfi + f g* (d(j),d^] dfi. 

Jm Jm \ dt J 

Equation 03.31) follows from combining 03.51) and 03. 8p . D 

Let grad£^ denote the formal gradient of £^ on P°°{M) and let Hess S denote its Hessian. 
Now the Lie derivative of the metric G with respect to the vector field grad£^ is -Cgrad^'G' = 
2 Hess S. From Proposition [3l 

(3.9) {Ress £){V^,V^) = f (| Hess 0^ + Ric(V0,V0)) p dvoW • 

Jm 

Then from ([S3D and OX^ . 

dG 

(3.10) — + £grad£G > 0. 

Let {0f} be the 1-parameter group generated by grad£^. Equation (13.101) implies that 
(f>*G(t) is nondecreasing in t. In particular, for any /io,/ii G P°°{M) the Wasserstein 
distance dw{(pt{fJ'o),(pt{fJ'i)) is nondecreasing in t. 

It remains to compute the flow {0t}. This is a well-known calculation. 

Lemma 1. In Tp d.oi,, P"^ (M) , 

(3.11) grad£: = Viogp- 
Proof. From ([22HD, for all V^ E Tp dvoiM^°°(^^). we have 

(3.12) G'(l^^,grad^)(p dvoU/) = {V^£){p dvoUf) = / (V0, Vp) dvoW 

Jm 

= / (V0,V log p)p dvoUf = G{V^,Viogp){p (IvoIm), 
Jm 

from which the lemma follows. D 
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Lemma 2. For fi E P°^{M), if Ht = (pt{l^) then 

(3.13) t--VV 

Equivalently, writing nt = pt dvolM; we have 

(3.14) ^ = -VV + i?A. 
Proof. Given fi = p cIvoIm, we can write 

(3.15) - V\pVi\ogp) dvohi = -(VV) dvoW = - V V- 

Then (13331) follows from (IXTTD and (IXTSD . Equation (13^4]) follows from ([33). □ 

Thus we have formally shown that if g{t) satisfies the Ricci flow equation (13.1 p and pi^t 
satisfies the backward heat equation 

(3.16) ^ = -V^p^,t + Rp^,t 

for i G {0,1} then the time-dependent Wasserstein distance dw{po,t dvo\M,Pi,t dvoU-/) is 
nondecreasing in t. 

We now translate this into a rigorous proof using the Otto calculus. We first derive a 
general formula for the derivative of the energy functional E along a 1-parameter family 
of smooth curves in P°°{M). 

Proposition 8. Let g{-) solve the Ricci flow equation liS. 1\) for t G [to — e, to + e]- Let 

(3.17) p dvolM : [0, 1] X [to - e, to + e] ^ P^{M) 
be a smooth map, with p = p{s,t). Let 

(3.18) : [0, 1] X [to - e,to + e] ^ C~(M) 
be a smooth map that satisfies Ii2. 6\) . with (p = 0(s,t). Put 

(3.19) E{t) = l [ [ IV0IV dvoW rfs. 

^ Jo J M 



Then 

(3.0, f 



t=to 



M 



-^ + V^p - Rp] dvohi 



1 



s=0 



/ / I Hess 01^ p dvolj\/ ds, 
Jo Jm 



where the right-hand side is evaluated at time t = t^. 
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Proof. We have 
(3.21) 



For a fixed /gC°^(M), 

(3.22) / /^ dvoW = / (V/,V0)p dvoW. 



Hence 

(3.23) 



Jm \dsdt ds) 

j^^ [2 Ric(V/,V0)p + {Wf,V^)p + (V/,V0) ^ - R{\/f,V<P)p\ dvolM. 



Taking / = gives 



^^ ("2 Ric(V0,V0)p + (V0,V^)p + |V0p|^ - i^lV^pp") dvol 



Equations (K2T}i and (13:2^1) give 

(3.25) 
dE 






dvoUf (is = 

1 

+ 



j) —- dvohi 

M Ot 



J M 



s=0 

"^'^^ " lij + i'^^^n ^ ~ Ric(V0,V0)p + |i?|V0|V) dvolM ds 



dp fd(f) 1 1^ ,|2\ dp 1 „|^ ,,2 
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From fl2:33|) . 
(3.26) = 



VV dvol 



M 



M 



+ 



Hess (/)|^ + Ric(V0,V0)l p dvoU/ rfs - 



J M 



vV 



Finally, 

(3.27) 



d_ 
ds 



R(l)p dvol 



M 



M 



M 



M 



ds 



+ 2 l^<^l' 



(IvoIm (is 



„90 T^,dp 

R^p + R(j)jf 

OS OS 



dvol 



M, 



SO 



(3.28) 







R(j)p dvol 



A/ 



A/ 



s=0 



M 



as as 



dvolM ds 



Adding ([S^SD, (13:261) and (13:281) gives the proposition. D 

Corollary 3. Fori G {0, 1}, let Ci{t) be a solution of the backward heat equation Ii3.13\) in 
P°°{M). Then W2{co(t) , ci(t)) is nondecreasing in t. 

Proof. Fix to. Using Theorem [3l given e > 0, choose a smooth curve c : [0, 1] -^ P°°{M) 
so that c(0) = co(to), c(l) = ci(to) and E{c) < \ ^2(00(^0), ci(to))^ + e. For t < to, 
define q : [0, 1] — > P°°{M) by saying that Cjo(s) = c(s) and Ct{s) satisfies equation (I3.13P 
in t. By Proposition [HI E{ct) is nondecreasing in t. Hence | W^2(co(t), Ci(t))^ < -E(ci) < 
-S(co) < I W^2(co(to), Ci(to))^ + e- Since e was arbitrary, the corollary follows. D 

Remark 4. To see the relation between Corollary [2] and Corollary [3l suppose that M is 
Ricci fiat, in which case the Ricci fiow on M is constant. Put r = to—t. Then the backward 
heat equation (I3.13P in t becomes a forward heat equation in r. Corollary [2] says that the 
Wasserstein distance between the heat fiows is nonincreasing in r, i.e. nondecreasing in t. 

Corollary [3] was proven using Lagrangian methods in [T7] . 

4. Convexity of the £o-entropy 

In this section we consider an analog Co of Perelman's /^-functional, which has the same 
relationship to steady solitons as Perelman's ^-functional has to shrinking solitons. Under 
a Ricci fiow, we consider the transport equation associated to the problem of minimizing 
the £o-cost. We show the convexity of a modified entropy functional. 

Let M be a connected closed manifold and let g{-) be a Ricci fiow solution on M. 

Definition 1. 7/7 : [t',t"] ^ M is a smooth curve then its Co-length is 

- r (a (^ '^ 
2 Jt' \ \dt' dt 

where the time-t metric g{t) is used to define the integrand. 



(4.1) 



^0(7) 



+ i?(7(t),t) dt 



Let Lq' {m',m") be the infimum of Co over curves 7 with '~f{t') = m' and 7(t") 



m 
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The Euler-Lagrange equation for the £o-functional is easily derived to be 
(4.2) Vj(|)-lviJ-2Ric(|..)^0. 

The £o-exponential map £oexp^', : Tm'M — > M is defined by saying that for V G Tm'M, 
one has 

t't" 



(4.3) £oexp:^* {V) = j{t") 



= V. 

t=t' 



where 7 is the solution to (14 .2^ with 7(t') = m! and -^ 
Definition 2. Given fi',fi" e P{M), put 

(4.4) C*''*"(/i',/i") = inf /" L*''*"(m',m")rfn(m',m"), 

n Jmxm 

where U ranges over the elements of P{M x M) whose pushforward to M under projection 
onto the first (resp. second) factor is ^' (resp. ^"). Given a continuous curve c : [t',t"] — » 
P{M), put 

J 

(4.5) A(c) = sup sup VcJ-^'*^(c(t,^i),c(t,)). 

jez+ t'=to<ti<...<tj=t" j^^ 

We can think of ^0 as a generalized energy functional associated to the generalized 
metric Co- By [28| Theorem 7.21], ^0 is a coercive action on P[M) in the sense of [28l 
Definition 7.13]. In particular, 

(4.6) C*''*"(/i',/i") = mf^o(c), 

c 

where c ranges over continuous curves c : [t', t"] — ^ P{M) with c(t') = /x' and c(t") = jj!' . 
We now consider the equations that come from minimizing the generalized energy func- 
tional ^0; when restricted to smooth curves in P°°{M). If c : [to, ti] -^ P°°{M) is a smooth 
curve in P°°{M) then we write c(t) = p{t) dvoUf and let 0(t) G C°°{M) satisfy 

(4.7) ^ = ~^' ^P^^"^^ + ^P- 

Note that {/)(t) is uniquely defined up to an additive constant. Using (13. 2p . the scalar 
curvature term in (14.71) ensures that 

(4.8) - / p dvoUf = 0. 
Consider the Lagrangian 

(4.9) Eo{c) = \ r I (|V0|2 + R) p dvoUf rft, 

^ Jto Jm 

where the integrand at time t is computed using g{t). 
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Proposition 9. Let 

(4.10) p dvohi : [to,ii] X [-e, e] ^ P^iM) 
be a smooth map, with p = p{t, u). Let 

(4.11) : [to,ti]x[-e,e]^C°°(M) 
he a sm,ooth m,ap that satisfies ( [^.7| j, with cf) = (j){t,u). Then 



(4.12' ° 



„ „ M ou 



' '" ^'^'^ + ^ |V0|' -]:R]^ dvolM cit, 



_,„ jM v-^t 2' "' 2 ) du 

t=to 



du 

where the right-hand side is evaluated at u = 0. 

Proof. The proof is similar to that of Proposition [H We omit the details. D 

From (I4.12p . the Euler-Lagrange equation for Eo is 

(4.13) ^ = -^'^'^1' + ^^ + «W' 

where a G C°°{[tQ,ti]). Changing by a spatially-constant function, we can assume that 
a = 0, so 

(4.14) |._l|V^p + i^. 

If a smooth curve in P'^{M) minimizes Eq, relative to its endpoints, then it will satisfy 
(I4.14p . For each to < t' < t" < ti, the viscosity solution of (14.141) satisfies 

(4.15) (f)(t")(m") = inf f0(t')(m') + 4''*" (m',m")V 

Then the solution of (14. 7p satisfies 

(4.16) pit") dvohi = iFt,,t")Mt') dvolM), 
where the transport map -Ff.t" : M ^ M is given by 

(4.17) Ft',t"(^') = jCoexp'J'{Vm'(lyit')). 

We now do certain calculations in an Otto calculus that is adapted to the Ricci flow 
background. 

Proposition 10. Suppose that i4.1\) and i4-M^ '^''"^ satisfied. Then 

(4.18) 4 / # dvolM = 11 (|V0p + R) p dvolM, 
dt Jm ^ J M 

(4.19) ]^jj IV0IV dvoW = j ('Ric(V0, V0) + ^ {VR,V<P)\ p dvoW, 

(4.20) T, I P 1°S(P) dvoU/ = / ((Vp,V0) + i?p) dvoW, 
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(4.21) T, [ ^P ^^°1a^ = / (^* + (Vi?,V0)) p dvoUf 
and 

(4.22) - / (Vp,V0) dvoW = 

/ ( I Hess 0p + Ric(V0, V0) - 2 (Ric, Hess 0) - - V^i? J p dvoU/ . 
Proof. For fHTTSD . 

(4.23) :iT / 0P dvolM = 
at jj^j 

L ((" ^ '^'^'' + ^ i?) P + (- V^ (pV,0) + i?p) - R<Pp\ dvolM = 
^ / (|V0|2 + i?) pdvoW. 
For dHH), 

(4.24) --j |V0|VdvolM = 

^^ ('Ric(V0, V0) p + / V0, V (- ^ I V0p + ^ ^) ) P + 

^|V(/.|' (-V*(pV.0) + Rp) - ^/?|V0|'p^ dvoW = 

f (rnciVcP, V0) + ^ {VR, V0)^ p dvolM . 

For (IlSnD, 

(4.25) - / p log(p) dvolA/ = 
dt Jm 

[ ((log(p) + 1) (- V* (pV,0) + i?p) - p log(p) R) dvoW = 

J A/ 

/ ((Vp,V0) + i?p) dvoW. 

J A/ 

For Km . 

(4.26) :^ /" ^P dvolM = f {RtP + R{-V' (pV,0) + Rp) - R^p) dvoW 

= / (/2i + (Vi?,V0)) pdvoW. 

JAf 
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For Km . 

(4.27) ^ /" (Vp,V0) dvoUf = 

/ (2Ric(Vp,V0) + (V(-V^(pVi0) + Rp),V(l)) + 

J M 



Now 



(4.28) 2 / Ric(Vp,V0) dvohi = - [ ((Vi?,V0) + 2 (Ric, Hess 0)) p dvoW 
Jm J m 



and 



(4.29) ^^ (^( V (- V^ (pV.0)) , V0> + (wp, V (- ^ I V0p^ ^^ dvol 

^^ T- (V0, V(V20)) + ^ V^\V(pA p dvolM = 
(I Hess 0p + Ric(V0,V0)) p dvol 



M 
M 



Thus 



(4.30) -^ / (Vp,V0) dvoW = 

/ (I Hess 0p + Ric(V0,V0) - 2 (Ric, Hess 0)) p dvoU/ + 
^^(^-(Vi?,V0)p + (V(i?p),V0) + i(Vp,Vi?) - R{Vp,V<P)\ dvolM = 

/ M Hess 0|2 + Ric(V0, V0) - 2 (Ric, Hess 0) - - V^i? J p dvoW . 

This proves the proposition. D 

Corollary 4. Under the hypotheses of Proposition [70l 

(4.31) ^ /" p log(p) dvoW = / (l Ric - Hess 01^ + i if (V0) j p dvoW, 

where 

(4.32) i7(X) = i?t + 2{VR,X) + 2 Ric(X,X) 
is Hamilton's trace Harnack expression. Also, 

(4.33) 17^ / (P log(p) - '/'P) dvoU/ = / I Ric - Hess 0^ p dvoW ■ 
/n particular, j^j (p log(p) — cj) p) dvoU/ ^s convex in t. 
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Proof. This follows from Proposition [T0|, along with the equation 

(4.34) Rt = V^R + 2|Ric|^ 

D 

We now give the analog of Corollary |4] for P{M), using results from [2] and [281, Chap- 
ters 7,10,13]. Let c : [to)^i] ~^ P{M) be a minimizing curve for Aq relative to its 
endpoints, which we assume to be absolutely continuous probability measures. Then 
c{t) = (Fig t)*c(to), where there is a semiconvex function (pQ G C(M) so that Ftj, f (mg) = 
Coexp'^f^iV^M- Define 0(t) e C{M) by 

(4.35) 0(t)(m) = inf (0o(mo) + 4«'*(mo,m)) . 

Define £ : P{M) ^ M U {oo} as in (^M>- 

Proposition 11. S{c(t)) — j ^.^ (j){t) dc{t) is convex in t. 

Proof. The proof is along the lines of the proof of Proposition [12] ahead. D 

Remark 5. The function also enters as a solution of the dual Kantorovitch problem. See 
[28| Theorem 7.36] (where what we call is called ip). 

Remark 6. Suppose that the Ricci flow solution (M, (/(■)) is a gradient steady soliton, 
meaning that it is a Ricci flow solution with Ric + Hess (/) = 0, where / satisfies 
-^ = |V/p. Differentiating spatially and temporally, one shows that |V/p + R = C for 
some constant C. Then there is a solution of (I4.13P with = — / and a = — | C. If p 
is transported along the static vector field — V/, i.e. satisfies (14.71) . then (I4.33P says that 
/^^(p log(p) + / p) dvolM is linear in t. 

5. MONOTONICITY OF THE ^q-COST UNDER A BACKWARD HEAT FLOW 

In this section we discuss the £o-cost between two measures that each evolve under the 
backward heat flow. The results are analogs of results of Topping for the £-cost [26] . We 
first compute the variation of Eo with respect to a one-parameter family of curves that begin 
and end at shifted times. We use this to show, within the Otto calculus, that if measures 
c'(-) and c"(-) evolve under the backward heat flow then the £o-cost between c'(t' + u) 
and c"(t" + u) is nondecreasing in u. We then show that this implies the monotonicity of 
Perelman's jF-functional, in analogy to what Topping did for Perelman's W-functional. 

Proposition 12. Take to < t' < t" < ti. For small e, suppose that c : [t',t"] x (— e,e) — » 
P°°{M) is a smooth map, where c = c(t,u). Define c^ : [t' + u,t" + -u] — > P°°{M) by 
Cu{t) = c(t — u,u). Put jj! = Co(t') and p" = Co(t") . Suppose that Cq is a minimizer for Eq 

among curves from [t',t"] to P°°(M) whose endpoints are p' and p". Put V{t) = ^ 

Then 
(5.1) 

dEo{cu] 



u=0 



du 



u=Q 



/ / I Ric - Hess 0|V dvoU/ dt + 0(t) {V{t) + VV dvoUf) 
Jt' Jm Jm 



t=t' 
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Proof. For any u G (— e, e), we can write 

(5.2) s„(,„)=l^*"(G(|,|)+/^fle(,.))A, 

where the integrand is evaluated using the metric at time t + u, and the c(t, u) in the term 
Rc{t, u) is taken to be a measure on M. There is a well-defined notion of covariant deriva- 
tive on P°°{M) JTT^ Proposition 2]. Letting D denote directional covariant differentiation 

on P°°{M), 

(5.3) 
dEo{cu) 



du 

4-11 



M=0 



I dcQ dcQ 
2 'Klit'lit 



\c I — — 
i, V 2 ^Kdt'dt 



Gi^,Vit) 



at dt 



G{Dd^y'^],V{t) 



Rtcoit) 



M 



RV{t) dt 



M 



RMt) 



M 



RV{t) dt + 



M 



t=t' 



As Co is a minimizer, 
dEo{cu^ 



(5.4) 



du 



M=0 

For any / G C^^M), 



2 * Wt ' rft 



M 



i?,co(t)) cit + G(^,l-(t) 



t=t' 



(5.5) 



dt 



f p dvoUf 



Af 



(V/,V0)pdvol 



M ■ 



M 



This gives ^ in terms of 0. Then from (12.41) and Proposition [71 

(5.6) 

rfEo(c„) 



From (1130]), 



I I {- Ric(V0,V0)p dvoW +^ / Rtcoit)] dt+ [ (P{t)V{t) 

Jt' J M V ^ ^/m / J M 



t=t' 



(5.7) 



(Vp,V(/)) dvol 



M 



M 
t" 



/ / M Hess 0p + Ric(V0, V0) - 2 (Ric,Hess 0) V^i? J p dvoW t^t. 

The proposition follows from the curvature evolution equation (14.341) . (15. 6p and (15. 7p . D 
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Corollary 5. Under the hypotheses of Proposition [7^ suppose that each c„ is a minimizer 
for Eq relative to its endpoints. Suppose that the endpoint measures Cu{t' + u) = c{t',u) 
and Cu{t" + u) = c{t",u) each satisfy the backward heat equation, in the variable u : 

(5.8) ^ = - v^c. 

du 

Then Cq "' ^{cu{t' + m), Cu{t" + u)) is nondecreasing in u. 

We now give the general statement about the monotonicity of the £o-cost for two mea- 
sures that evolve under the backward heat flow, without the extra assumption in Corollary 
O that minimizers c„ stay in P'^{M). Its proof is an analog of Topping's proof of the 
corresponding statement for the £-cost j26]. 

Proposition 13. Suppose that c' : [to,ti] -^ P°^{M) and c" : [to,ti] ^ P°°(M) satisfy 
( IJ. i5]) . Then C^ "*""' ~^^{c'{t' + u), c"{t" + u)) is nondecreasing in u. 

Using Proposition [ini we now reprove the fact that Perelman's jF-functional is monotonic 
[2T] . The proof is along the lines of Topping's proof [26j of the corresponding result for 
Perelman's W-functional. 

Corollary 6. Suppose that a : [to^^i] ^ P°°{M) is a solution of Ii3.13\) . Write a{t) = 
p{t) dvoUf. Then 

(5.9) ^ = I (|Vlog(p)|2 + R) P dvol 

Jm 

is nondecreasing in t. 

Proof. Put d = c" = a. Take t" > t'. By Corollary El if m > then Co'+"'*"+"(a(t' + 
u),a{t" + u)) > C*''*"(a(t'),«(t")),so 

.5 ^Q^ Cr"'"'^"(«(t- + n),a(r + n)) ^ Clj''" {a{t'),a{t")) 

^ ■ ^ t" -t' - t" - V 

From fOj) . 

(5.11) jini^_l_C*''*"(a(t'),a(t")) = ^/^(l^^^l' + ^) ^ ^voW, 

where cj) satisfies (14.71) and the right-hand side is evaluated at time t' . As p satisfies (13.141) . 
we can take = log(p). The corollary follows. D 

6. Convexity of the £_-entropy 

In this section we extend the results of Section H] from the £o-functional to the £_- 
functional. Optimal transport with an £_-cost was considered in [26] . As the results of 
this section are analogs of those in Section HI we only indicate the needed changes. 



M 
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Let M be a connected closed manifold and let g{-) be a Ricci flow solution on M. We 
put T = to — t and write the Ricci flow equation in terms of r, i.e. 

(6.1) ^ = 2Ric(^(r)). 

Definition S.If'j : [T',r"] ^ M is a smooth curve with t' > then its C^-length is 

(6.2) C.C) - \[Vr {,[%'£) ^ R(;ir).r)) ,r, 

where the time-r metric g{T) is used to define the integrand. 

Let LL'^ {m',m") be the infimum of C^ over curves 7 with '^{t') = m' and'y{T") = m" . 

The Euler-Lagrange equation for the /^.-functional is easily derived [21], (7.2)] to be 

The ^--exponential map £_ exp^; : Tm'M ^ M is defined by saying that for V G T^'M, 
one has 



(6.4) C_ expiy" {V) = 7(r") 



where 7 is the solution to (16.31) with 7(r') = m' and -^ 



J? 

exponential map differs slightly from Perelman's /^-exponential map. 
Definition 4. Given jj! , jj!' E P{M), put 

(6.5) C:''""(/i',^") = inf / Uy\m',m")dli{m\m"), 



V . Note that our £_ 



^ JMxM 

where IT ranges over the elements of P{M x M) whose pushforward to M under projection 
onto the first (resp. second) factor is ^' (resp. fi"). Given a continuous curve c : [t',t"] -^ 
P{M), put 

J 

(6.6) A-{c) = sup sup VCj'-''"^(c(r,_i),c(r,)). 

JeZ+ r'=ro<Ti<...<T,j=r" J^ 

We can think of A- as a generalized length functional associated to the generalized 
metric C_. By [ 281 Theorem 7.21], A- is a coercive action on P{M) in the sense of [28l 
Definition 7.13]. In particular, 

(6.7) C:''""(/i',^") = inf^_(c), 

c 

where c ranges over continuous curves c : [r', r"] -^ P{M) with c{t') = fx' and c(r") = /i". 
If c : [ro,ri] — > P°^{M) is a smooth curve in P°°[M), with Tq > 0, then we write 
c{r) = pij) dvoU/ and let (/)(r) satisfy 

(6.8) 3^ = - V* (PV.0) - i?p. 

or 
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Note that 0(r) is uniquely defined up to an additive constant. The scalar curvature term 
in (16.81) ensures that 



7 /• 

(6.9) — / p dvoUf = 0. 
Consider the Lagrangian 

(6.10) E_(c) =11 v^(|V0|^ + R) P dvolM dr, 

where the integrand at time r is computed using g{T). 
Proposition 14. Let 

(6.11) p dvoW : [ro,ri] x [-e, e] ^ P^{M) 
he a smooth map, with p = p{t, u). Let 

(6.12) : [ro,ri]x[-e,e]^C°^(M) 
he a smooth m,ap that satisfies / fg.g|) . with cj) = (J){t,u). Then 



5.13) 



du 



= 2v/r 4>Tr dvoUf 

u=0 



n 



T=ro 



Tl 



where the right-hand side is evaluated at u = 0. 

Proof. The proof is similar to that of Proposition [9l We omit the details. D 

From (I6.13p . the Euler-Lagrange equation for E^ is 

(6.14) 1^ = -l|V0p + ii?- ^0 + a(r), 

where a G C°°([ro, ri]). Changing by a spatially-constant function, we can assume that 
a = 0, so 

If a smooth curve in P°°{M) minimizes E_, relative to its endpoints, then it will satisfy 
(I6.15p . For each tq < t' < r" < ti, the viscosity solution of (16.151) satisfies 



(6.16) 2Vr"0(r")(m") = inf 2Vr' 0(r')(m') + LL'" {m',m")). 

Then the solution of (16. 8p satisfies 

(6.17) pir") dvolM = iF,'y')Mr') dvoW), 
where the transport map F-r'y : M ^ M is given by 

(6.18) Fr',r"im') = C^ expl^r" (V™.0(r')) . 
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Our function is related to the function yj of [26j by 



2v^" 



Proposition 15. Suppose that l[6.8\) and l[6.15\) are satisfied. Then 
dr.,. If. o „x . . 1 



(6.19) 



dr 



dvol 



M 



M 



M 



(|V0|2 + R) p dvol 



M 



It 



dvol 



M-, 



M 



(6.20) ^ ^ I |V0|V dvolM = / (- Ric(V0, V0) + ^ (Vi?, V0)j p dvoW 



2r 



|V0pp dvol 



M, 



M 



(6.21) :r / -^ i^s^-^) ^^°1a^ = / ((Vp,v0) - i?p)dvoiM, 

f Rp dvoW = f {Rr + (Vi?,V0)) p dvoW 
Jm Jm 



(6.22) 
and 



d 
dr 



1 p 

(6.23) — / (Vp,V0) dvoW = 
dr Jm 

I M Hess 0|2 + Ric(V0, V0) + 2 (Ric, Hess 0) V^r\ p dvoW - 

^ / ( Vp, V0) dvolAf . 

Proof. The proof is similar to that of Proposition [TOl We omit the details. 
Corollary 7. Under the hypotheses of Proposition \T^ 

(6.24) (r5 ^\ I p log(p) dvolM = ^ / ( |Ric + Hess 0^ + - i7(V0) j p dvol 



D 



i7(X) = -Rr - 2{VR,X) + 2 Ric(X,X) - - 

r 



(6.25) 

is Hamilton's trace Harnack expression. Also, 

(6.26) 

\ "' / \Jm 

9 



/ (P log(p) + P) dvoU/ + - log(r) j 



M 



Ric + Hess 



2r 



p dvol 



/n particular, /^^ (p log(p) + p) dvoUf + f log(r) 



M • 



IS convex m t 2 
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Proof. This follows from Proposition [T5|, along with the equation 

(6.27) Rr = - V^R - 2 I Ric 1^, 

after some calculations. D 

Remark 7. In [26] it is shown, for transport in P{M) between two elements of P°^{M), 
that 

(6.28) M ^ j P log(p) dvoW >\^j H{V(t)) p dvoW 
and 

(6.29) (a ^] f p log(p) dvolM >l^'[ Hiy<P) p dvolM - ^ r. 

7. MONOTONICITY OF THE REDUCED VOLUME 

In this section we give the extension of Corollary [7] to P{M). We then reprove the 
monotonicity of Perelman's reduced volume [21] . 

Let c : [to, ti] —>■ P{M) be a minimizing curve for A- relative to its endpoints. We 
assume that c{tq) are c(ri) are absolutely continuous with respect to a Riemannian volume 
density on M. Then c{t) = {Ft.^^^t-)^c{tq), where there is a semiconvex function 0o ^ C{M) 
so that F^o,r(mo) = '^-exp;^;^(V„o0o) [3, [2H1 Chapters 10,13]. Define 0(r) G C(M) by 

(7.1) 2v^</.(r)(m) = inf (2v/^0o(mo) + L:«'"(mo,m)) . 

moSM 

Define £ : P(M) ^ M U {oo} as in (^M)- 

Proposition 16. S{c{t)) + /^.^ 0(t) (ic(r) + ^ log(r) is convex in s = t~ 2 . 

Proof. From [26j, S{c{t)) is semiconvex in r and its second derivative in the Alexandrov 
sense satisfies 

(7.2) (ri ^^ J^^p log(p) dvolM > ^r^ j ^H iy <P{r)) c{r) - ^ r. 

(Strictly speaking, the paper [26] assumes that c(ro),c(ri) G P^{M), but the proof works 
when c{tq) and c(ri) are just absolutely continuous probability measures.) Now 



(7.3) / <P{T)dc{r) = / (0(r)oF.„,,)rfc(ro). 

Jm Jm 

From [2Sl Theorem 7.36], for c(ro)-almost all rriQ G M one has 

(7.4) (0(r)oF,„,.)(mo) - (0(ro))(m) = L:°'^(mo, F.o,,(mo)), 
with Frg^rifno) describing an £_-geodesic parametrized by r. 
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Given such an mo G M, put 7(r) = F^g^^(mo) and write X = -^. We evaluate 
(t2 ^j 0(7(r)) using formulas from [211 Section 7]; see also [TJ Section 18]. Write 



X(r) = £. Then 



(7.5) A(2V70(7(r))) = l.U^'^[moMr)) = V^{R{i{t),t) + \X{t)\') 
so 

(7.6) rt^0(7(r)) = -^v^0(7(r)) + ^ rf {R{i{t),t) + |X(r)p) . 
From [HI (7.3)], 

(7.7) ^{R{l{r),T) + |X(r)p) = ~ H{X) - \ {R{i{r),T) + \X{t)\') . 
Using (17. 6p and (17. 7p . one obtains 

(7.8) (rt|-) 0(7(r)) = -^r^if(X). 

For c(ro)-almost all mo G M, we have [281 Chapter 13] 

(7.9) X(r) = (V0(r))(7(r)). 
Equations (17.31) and (17. 8p give 

(7.10) fri^) f <P{T)dc{T) = [ (i/(V0(r))oF.„,,)rfco(r) = / i7(V0(r)) 

As 



3 C? \ , , , 1 



dc^r). 



(7.11) (r,-J logM = -., 

the proposition follows. D 

Remark 8. We expect that one can prove Proposition [T6] using the Eulerian approach and 
a density argument, along the lines of ^, but we do not pursue this here. 

We now consider the limiting case when tq = and c(0) = 6p. We remark that the 
preceding results of this section are valid if we just assume that only c(ri) is absolutely 
continuous with respect to a Riemannian volume density [281 Chapter 13]. Fix p ^ M and, 
following the notation of [211 Section 7], put L{m,T) = Lj_^{p,m). Choose c(ri) G P{M) 
to be absolutely continuous with respect to a Riemannian measure. For each mi G M, 
choose a (minimizing) £_-geodesic 7^1 : [0, ti] — >• M with 7mi(0) = p and 7mi(Ti) = rrii. 
It is uniquely defined for almost all mi G M [71 Section 17]. Let TZr '■ M — > M be the 
map given by IZrij^i) = Imiij)- Then as r ranges in [0,ri], c{t) = {7lr)*c{Ti) describes 
a minimizing curve for A- relative to its endpoints. If r > then c{t) is absolutely 
continuous with respect to a Riemannian volume density [28l Chapter 13]. 
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From (1731) . 

(7.12) 0(r) = 1{.,T) = ^^. 

Proposition 17. S{c{t)) + Jj^^(f){T) dc{T) + ^\og{T) is nondecreasing in t . 

Proof. Put s = r^ 2 . If we can show that £{c{t)) + J^^ 0(r) dcir) + | log(r) approaches 
a constant as s ^ oo, i.e. as r — >■ 0, then the convexity in s will imply that £{c{t)) + 
/m *^(''") '^'^(''") + f log(''") is nonincreasing in s, i.e. nondecreasing in r. 

Let Cexpir) : TpM — * M be the £-exponential map of [211 Section 7]. That is, for 
V G TpM, (Cexpij)) (y) = 7(r) where 7 : [0,t] —>■ M is the £_-geodesic with 7(0) = p 

and lim^^o \/7"7'(''") = V- 

Let fin be the set of vectors V G TpM for which {Cexp{T')(y)}r'e[o,Ti] is /^--minimizing 
relative to its endpoints. Put c(ri) = (£ea;p(ri)^^)^ c(ri), a measure on ^2^^. Then 
c{t) = £exp(r)*c(ri). Computing 

(7.13) S{c{r)) + / 0(r)rfc(r) + - log(r) 

Jai -^ 

with respect to the metric g{T) on M is the same as computing 

f Tl 

(7.14) ^(c(ri)) + / (0(r)o/:exp(r)) rfc(ri) + - log(r) 

with respect to the metric gir) = Cexpij)* gij) on VLri- 

As r — > 0, one approaches the Euclidean situation; see [H Section 16]. One can check 
that (0(t) o Cexpij)) iV) approaches \V\'^ uniformly on the compact set ^2,-^, where \V\'^ 
is the norm squared of l^ G TpM with respect to gXpM- Thus 

(7.15) lim /" (0(r)o/:ea;p(r)) rfc(ri) = j \V\^ dZin). 



d L'j--i V i ^T"-! 



?(r) 



Also, ^;jr^ approaches the flat Euclidean metric gr^M on Vt^- Writing c(ri) = pi dvol((y'TpA 
for small r the density of c(ri) relative to dvol(^(r)) is asymptotic to (4r)~ § pi. Thus 

(7,16) lim(£(c(r,)) + ^ log(r)) = 

limf/ (4.)-ip,.lo„(4.)-ipO.(4r)tdvol.„„+!i,ogM 

/ Pi log(pi) dvolTj,M --log(4). 

The proposition follows. D 

Corollary 8. r^ 2" J^^e^' dvoU/ zs nonincreasing in r. 
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Proof. Given < t' < t" < Ti, take 

p-Hr") dvohf 

j^e <^(- ) dvoUf 
Then 

(7.18) Sicir")) + f <P{T")dciT") + ^log(r") = -logf(r")-^ [ e'^^^") dvowV 
Applying Proposition [TTl with ti replaced by r", gives 

(7.19) £{c{r')) + / </)(r') rfc(r') + ^ log(r') < £{c{r")) + / cl^{r") dc{r") + ^log(r"). 

However, E{[i) + J^^ 0(t') (i/i + | log(r') is minimized by — log ((t')~ 5 J^^ g-'/'C'^') dvoU/) , 
as /i ranges over probability measures that are absolutely continuous with respect to a 
Riemannian measure on M. Thus 

(7.20) -log('(r')-5 I e-^(^') dvow] < -log('(r")-^ / e-*^^") dvow] ■ 

The corollary follows. D 

Remark 9. This procedure of converting a convexity statement to a monotonicity statement 
works for the £_-cost and the £_|_-cost but does not work for the £o-cost. 

8. RiCCI FLOW ON A SMOOTH METRIC-MEASURE SPACE 

In this section we give a definition of Ricci flow on a smooth metric-measure space. Our 
approach is to consider the Ricci flow on a warped product manifold M and compute the 
induced flow on the base M. This is in analogy to what works in defining Ricci tensors for 
smooth metric- measure spaces [H]. 

It turns out that there is a 1-parameter family of such generalized Ricci flows, depending 
on a parameter N G [dim(M), oo]. In the case A^ = oo, there is the curious fact that the 
(smooth positive) measure can be absorbed by diffeomorphisms of M, so one just reduces 
to the usual Ricci flow equation on M. 

Let T^ have a fixed flat metric given in local coordinates by ^Y3i=\ ^^1- -P^^ M = M xT"^ 
with a time-dependent warped-product metric 

n <7 

(8.1) g{t) = Y, 9ap{t) dx^'dxf' + u{t)l ^dx]. 

a,l3=l i=l 



We also write u = e * . If M is compact then the pushforward of the normalized volume 
density ^J^ under the projection M ^ M is j^^^X/ " 
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The scalar curvature R oi M equals 

(8.2) Rg = R - 2u-^V^u + (l--) u-^lVul"^ 

= R + 2V^^ - (l + -) |V^|^ 

which is the modified scalar curvature considered in pjp|. From [T4j Section 4], the Ricci 
fiow equation on M becomes 

(8.3) I ^ V\ 

— — = - 2Raf3 + 2U U.af3 " I 2 j U U-a U;P- 

Note that 

d 

(8.4) —{u dvoUf) = - RqU dvoUf ■ 

Equivalently, 

(8.5) -^ = V^^ - |V^P, 

The right-hand side of (18. 5p involves the modified Ricci curvature 

(8.6) Ric, = Ric + Hess ^ d^ ® d^ 

considered in [S] and [22] • If u dvol^ is a (smooth positive) probability measure then 
we consider (18. 5p to be the A^-Ricci fiow equations for the smooth metric-measure space 
{M,g,u dvoljv/), with N = n + q. This is in analogy to the iV- Ricci curvature considered 
in [12]. [li N = n then we require \E' to be locally constant and just use the usual Ricci 
fiow equation on M. That is, in the noncollapsing situation we take the measure to be the 
n-dimensional Hausdorff measure.) 

Taking g = oo, we consider the oo-Ricci fiow equations to be 

(8.7) ^ = V'^ - |V*P, 
^ ^ dt II' 

^ = - 2 (R^, + vl/^„,) . 

Remark 10. The occurrence of the Bakry- Emery tensor on the right-hand side of (18.71) is 
different from its occurrence in Perelman's modified Ricci fiow [21]. In (18.71) the function 
u = e~* satisfies a forward heat equation, whereas in Perelman's work the corresponding 
measure e~^ dvoUf satisfies a backward heat equation. 
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Example 1. We now give a trivial example of collapsing of Ricci flow solutions. For 
u dvolAf G P°°{M), put Uj = \ u. Give M the corresponding warped-product met- 
ric g.j. Suppose that g{t) and u{t) satisfy (18.31) . Consider the corresponding solution 
(M, ^•(■)) to the Ricci flow equation. For any time t, as j -^ cxd, the metric-measure spaces 



M , 5'j(t), ^^j,-^-', ) converge in the measured Gromov-Hausdorff topology to (M, g{t),u{t) dvoU/j 



which satisfies (18. 3 p by construction. 

Example 2. To give another example, consider the most general T'^-invariant Ricci flow on 
M. We can write 

n q 

(8.8) g{t) = Y, 9o^p(^) dx"dx^ + ^ Gij{t) {dx' + A\t)) {dx^ + A\t)) . 

a,l3=l i,j=^ 



Put u = v/d^t(G~y, X^ „ = ELi G''' d^G,, -j n-i 9,^ 6'^ and F^^ = 9^4 - dpAl^. 
From [m Section 4], the Ricci flow equation on M implies that the evolution of u and gap 
is given by 

(8.9) 

9t 



2i?„^ + 2m-1m;„^ - (2--J u-''u.au,p + Y,9^^Gi,Fl^Fls + \ Tr(X„X^). 



As before, by uniformly rescaling the torus fibers we can construct a sequence of Ricci 

/ . . dvoK 



flow solutions I M,gj{t), -^-^ j which, for each time, converge in the measured Gromov- 
Hausdorff topology to (M, g{t),u(t) dvoUf), satisfying (18.91) . Note that instead of satisfying 
the X- Ricci flow equations (18. 3p . a solution of (18.90 satisfies the inequalities, 

(8.10) _ - V\ < 0, 

—^ + 2Raf3 - 2 n"-^ U-aP + (2 j U'"^ U-a U-f3 > 0. 

End of example. 

Returning to (18.50 . adding a Lie derivative with respect to V\E' to the right-hand side 
gives the equations 

'dt 

%^ = - 2RafS + - ^;„ ^;,. 

ot q 

Note that 

(8.12) ^ (e-* dvoUf) = - Tr(Ric,) e'"' dvoW 



f8.11) ^ = V^^, 



OPTIMAL TRANSPORT AND PERELMAN'S REDUCED VOLUME 31 

In particular, the cxD-Ricci flow equations (18.71) become 

(8.13) — = V^v^, 

That is, we obtain a forward heat equation coupled to an ordinary Ricci flow. 

We now consider convexity of the entropy function for the system (18. 3p . where the 
entropy is computed relative to the background measure u dvolM- Consider the transport 
equations on M : 

(8.14) ^ = -M-W"(/mV„0) + Rp, 

at 

Note that /^^ p u dvoljv/ is constant in t, so we can take p u dvol^ to be a probability 
measure. Applying Corollary H] to M implies that if (18.31) and (I8.14p are satisfied then 
Jj^^ (p log(p) — (j) p) u dvolM is convex in t. Equivalently, in terms of the equations (18.111) . 
if p and satisfy 

(8.15) ^ = - V°(pVa0) + (V^,Vp) + (V^,V0)p + Rp, 

^ = -i|V0p + (Vvi/,V0) + ^-R 

then fj^j (p log(p) — p) e^* dvoU/ is convex in t. 

When g — > oo, so that (18.131) holds, we claim that this convexity is no more than the 
convexity of Corollary H] when applied to M, after a change of variables. Namely, when 
g ^ oo, if we put 



(8.16) 










p = e 

= 0- 






then the equations 


dS 


.151) 


are 


equivalent to 






(8.17) 








dp 

at 


- V"(pV, 


J) 


+ B 










d(f) 
at 


- ^ V0p 


+ 


\- 



From Corollary HI we know that J^^ ( p log(p) — p ) dvolM is convex in t. This is the 

same as saying that /^^ (p log(p) — p) e^* dvolA/ is convex in t. 

To summarize, for each A^ G [n, oo] there is a A^- Ricci flow (18. 3p . Its right-hand side 
involves the A^- Ricci curvature tensor. A background solution of the A^- Ricci flow equation 
implies a convexity result for the transport equations (I8.14p . In the special case when A^ = 
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oo, one can decouple the (smooth positive) measure within the metric flow by performing 
diffeomorphisms, to recover a forward heat equation coupled to the usual Ricci flow fl8.7p . 

Appendix A. The £+-entropy 

In this section we give the analogs of Sections [6] and [7] for the £+-functional that was 
considered in [6j. This is for possible future reference. We reprove the monotonicity of the 
Ilmanen-Feldman-Ni forward reduced volume. 

Let M be a connected closed manifold and let g{-) be a Ricci flow solution on M, i.e. 
(13. ip is satisfied. 

Definition 5. If '-/ : [t',t"] ^ M is a smooth curve with t' > then its C+-length is 

where the time-t metric g{t) is used to define the integrand. 

Let L^' {m',m") be the infimum of C+ over curves 7 with 7(t') = m' and 'j{t") = m" . 

The Euler-Lagrange equation for the £+-functional is easily derived to be 

^ ' ^\dt) 2 2t dt \dt' ) 

The ^^-exponential map is defined by saying that for V G Tm'M, one has 

(A.3) C^exp^nV) = 7(t") 

where 7 is the solution to ( 1A.2P with j(t') = m' and 

Definition 6. Given ix',jj" G P{M), put 

(A.4) C+'*"(/i',/i") = inf / L*/'(m',m")rfn(m',m"), 

^ JmxM 

where IT ranges over the elements of P{M x M) whose pushforward to M under projection 
onto the first (resp. second) factor is ^' (resp. ^"). Given a continuous curve c : [t',t"] -^ 
P{M), put 

J 
(A.5) A+{c) = sup sup VcJ-^'*^(c(tj_i),c(tj)). 

J(ZZ+ t'=to<ti<...<tj=t" . -^ 

We can think of A+ as a generalized length functional associated to the generalized 
metric C+. By [28, Theorem 7.21], A+ is a coercive action on P{M) in the sense of [28l 
Definition 7.13]. In particular, 

(A.6) G+'*"(/x',/i") = inf A(c), 

c 

where c ranges over continuous curves with c(t') = /i' and c{t") = fi". 






= v. 

t=t' 
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(A.7) 



- V* (pVi0) + Rp. 



If c : [to,ti] -^ P°°{M) is a smooth curve in P°°{M) with to > then we write 
c(t) = pit) (IvoIa/ and let (j)(t) satisfy 

dp 

Note that 0(t) is uniquely defined up to an additive constant. The scalar curvature term 
in (1A.7P ensures that 

(A.8) 37 / P dvoW 



dt 



0. 



M 



Consider the Lagrangian 

(A.9) E+(c) = /' / Vt(|V0p + i?) p dvoW dt, 

where the integrand at time t is computed using g{t). 
Proposition 18. Let 

(A.IO) p dvolM : [toM X [-e,e] ^ P'^iM) 

he a smooth map, with p = p{t,u). Let 

(A.ll) : [to,t^]x[-e,e]^C^{M) 

be a sm,ooth map that satisfies (A^, with = (f){t,u). Then 



(A.12) 



dE, 



du 



u=0 



2v^ / <^ 1^ dvoU/ 
Jm du 



t=to 



^fl^d^^'^^'^-^-^ 



^P 1 1 7 

7— dvoW dt, 
ou 



where the right-hand side is evaluated at u = 0. 

Proof. The proof is similar to that of Proposition [HI We omit the details. 
From flA.12p . the Euler-Lagrange equation for E+ is 



D 



(A.13) 



dt 



-i|V0p + Ir- ^0 + «W, 



where a G C°°([to, ti]). Changing by a spatially-constant function, we can assume that 
a = 0, so 



(A.14) 






If a smooth curve in P°^{M) minimizes i?+, relative to its endpoints, then it will satisfy 
( ]A.14p . Given to < t' < t" < ti, the viscosity solution of ( 1A.14P satisfies 



(A.15) 



2Vt"0(t")K 



inf (2Vt'(f)(t')(m') + L*''*"(m',m"^ 



m'eM 
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Then the solution of (IA.7P satisfies 

(A.16) pit") dvolM = {Ft,^t.),{p{t') dvolM), 

where the transport map -Fi'.f : M — > M is given by 

(A.17) F,^t"{m') = £+exp;;r(V„.0(t')). 

Proposition 19. Suppose that ( A. 7^ and l[A.14\) are satisfied. Then 
d 
It 



(A.18) 
(A.19) 



/ 0p dvolj\/ = - / (|V0p + i?) p dvolAf - 7^ 4>P dvoljv/, 
Jm ^ Jm ^t Jm 



\jtj '^'^'''^ '^''°^''' " /, (^ic(^'^'^'^) + \ (Vi?, V0) ) p dvolM 



2t 



— / |V0|2p dvol 



M, 



A/ 



(A.20) T, I P l^S^/^) ^^°1*^ = / ((^P''^'^) + ^P)dvolM, 



{Rt + (Vi?,V0)) p dvol 



(A.21) - / Rp dvolM = 

(^t Jm 

and 
(A.22) - / (Vp, V0) dvolM = 

/ MHess 0|2 + Ric(V0, V0) - 2 (Ric,Hess 0) - - V^Rj p dvol 

;^ / (Vp,V0) dvoW. 

Proof. The proof is similar to that of Proposition [T51 We omit the details 
Corollary 9. Under the hypotheses of Proposition\l_ 



M 



u 



(A.23) [t^ jA IP log(p) dvoW = t I n Ric - Hess 0|^ + - H{V(I)) ) p dvoW, 



where 
(A.24) 



/7(X) = i?i + 2{VR,X) + 2 Ric(X,X) + 



2 



is Hamilton's trace Harnack expression. Also, 



(A.25) 



3 d 
t5 — 

dt 



f Tl 

/ (P log(p) - p) dvoUf + - log(t) 

Jm -^ 



M 



Ric — Hess 6 + 



2t 



p dvol 



M 
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In particular, fj^^ (p log(p) — 4> p) cIvoIm + f log(t) is convex in t~ 2 , 

Proof. This follows from Proposition[Tni along with the curvature evolution equation (14.341) . 

D 

Let c : [to,^i] -^ P{M) be a minimizing curve for A+ relative to its endpoints. We 
assume that c(to) are c(ti) are absolutely continuous with respect to a Riemannian volume 
density on M. Then c(t) = (Ftg,t)*c(to), where there is a semiconvex function 0o G C{M) 
so that Fi,,j(mo) = C+exp^^'^{Vmo<Po) [2], [SHI Chapters 10,13]. Define 0(t) G C{M) by 

(A.26) 2Vt0(t)(m) = inf (2v^(/)o(mo) + L*|"*(mo, m)) . 

Define £ : P(M) ^ M U {00} as in (^M>- 

Proposition 20. S{c(t)) — j\,j(f){t) dc{t) + | log(t) is convex in s = t~ 2 , 

Proof. The proof is similar to that of Proposition [161 We omit the details. D 

We now consider the limiting case when to = and c(0) = 6p. Fix p G M. Choose 
c(ti) G P{M) to be absolutely continuous with respect to a Riemannian measure. For 
each mi G M, choose a (minimizing) £+-geodesic 7^1 : [0,ti] — > M with 7mi(0) = p and 
7mi(^i) = iTT'i- It is uniquely defined for almost all mi G M. Let T^t : M — > M be the 
map given by 7^((mi) = 7.^1 (t). Then as t ranges in [0,ti], c(t) = (7lt)*c(ti) describes a 
minimizing curve for A^ relative to its endpoints. 

Take 

(A.27) 0(t) = I4;t) = ^^|M. 

Proposition 21. S{c{t)) — Jj^,^(f){t) dc{t) + | log(t) is nondecreasing in t. 

Proof. The proof is similar to that of Proposition [T71 We omit the details. D 

Corollary 10. t^ 2" /^^e'+ dvolM is nonincreasing int. 

Proof. The proof is similar to that of Corollary [HI We omit the details. D 

Remark 11. In the Euclidean case, l+{x,t) = '-^. Because /+ occurs with a positive sign 
in the exponential in Corollary [lOl we cannot expect t~ '2 J^ e'+ dvol^f to make sense if 
M is noncompact. This is in contrast to what happens for Perelman's reduced volume 
T~ '2 J^^j e~ ' dvoljv/, which makes sense if the Ricci flow has bounded sectional curvature 
on compact time intervals. 
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